The normal modes and relaxation rates of weak colloidal gels are investigated in computations employing different models of the hydrodynamic interactions between colloids. The eigenspectrum is computed for freely draining, Rotne-Prager-Yamakawa and Accelerated Stokesian Dynamics approximations of the hydrodynamic mobility in a normal mode analysis of a harmonic network representing the gel. The spatial structure of the normal modes suggests that measures of collectivity and energy dissipation in the gels are fundamentally altered by long-ranged hydrodynamic interactions, while hydrodynamic lubrication affects only the relaxation rates of short wavelength modes. Models accounting for long-ranged hydrodynamic interactions exhibit a microscopic relaxation rate for each normal mode, λ that scales as λ ∼ l −2 , where l is the spatial correlation length of the mode. For the freely draining approximation, λ ∼ l γ , where γ varies between 3 and 2 with increasing φ. A simple phenomenological model of the internal elastic response to normal mode fluctuations is developed, which shows that long-ranged hydrodynamic interactions play a central role in the viscoelasticity of the gel network. Dynamic simulations show that the stress decay as measured by the time-dependent shear modulus matches the normal mode predictions and the phenomenological model. Analogous to the Zimm model in polymer physics, our results indicate that long-ranged hydrodynamic interactions play a crucial role in determining the microscopic dynamics and macroscopic properties of weak colloidal gels.
Normal mode analysis (NMA) provides a framework for understanding linear excitations of complex systems. The normal modes are those degrees of freedom which, for small perturbations away from equilibrium, do not interact with each other. Each mode oscillates or relaxes independent of the others with its own characteristic rate. The distribution of normal mode rates, known as density of states (DOS), is central in the investigation of condensed matter, because it allows one to calculate the temperature dependence of the specific heat, thermal conductivity, as well as further thermal and mechanical properties [1] . NMA is also a basis for predicting liquidstate dynamics [2] , biomolecular relaxation [3] , the jamming transition of granular materials [4] , and the phonon density of colloidal crystals and glasses [5, 6] . While significant effort has been devoted to the investigation of the DOS of dense glasses and other disordered colloidal solids [7] , much less is known for the case of colloidal gels. In attractive colloidal dispersions particles may aggregate and kinetic arrest can result. The dispersion follows a kinetic pathway that is dependent on volume fraction, interaction strength, and range of interaction [8] . The rheological and structural properties of colloidal gels make them highly desirable for many technological applications [9] . Additionally, the normal modes of soft materials and their associated DOS may be directly related to their linear viscoelastic response [10] . Developed frameworks aim to connect the spectrum of relaxation times to the macroscopic rheology [11, 12] .
Recent work has used simulations of microstructural dynamics and relaxation to predict mechanical properties of gels [13] [14] [15] [16] [17] . Such work neglects the role of hydrodynamic coupling of the suspended particles. Contrary to atomic systems, where the phonon dispersion curve is entirely determined by particle mass and interparticle potentials, in colloidal systems dissipative interactions mediated by the suspending fluid must be considered [18, 19] . Because of their long-range nature these interactions are difficult to treat theoretically. The complexity of modeling many-bodied hydrodynamic interactions (HI) in large systems has encouraged their neglect in work to date. However, as was recently shown, neglecting long-ranged dissipative coupling in discrete element modeling of gelling systems leads to predictions of structure and dynamics that are at odds with experimental observations [20, 21] . Indeed, since the modes of relaxation are modulated by the hydrodynamic interactions between particles, the fluid mechanics within a gel must be central to the linear viscoelastic moduli they exhibit when deformed macroscopically. Several experiments [5, 22] have found that models neglecting hydrodynamic coupling fail to reproduce measured dynamics and friction coefficients. There is a need for a hydrodynamic theory to explain the observed relaxation modes [18, 23] . Hurd et al. [24] developed a systematic transport theory for normal-modes in a harmonic lattice of colloidal particles immersed in a viscous medium and obtained results for dilute colloidal crystals. For amorphous, space spanning configurations, such as colloidal gels, no analytical solution is available.
We have recently developed methods for rapid calculation of hydrodynamic interactions in suspensions of mono-disperse spheres [20, 25, 26] . Varying levels of approximation are possible for any particle configuration and system sizes up to 10 6 particles. We conduct simulations of colloidal dispersions with N = 10 2 -10 4 particles of radius a for up to 10 4 bare diffusion steps τ D = 6πηa
3 /k B T . A short-range attraction, mimicking the polymer induced depletion attraction in experimental systems [27] [28] [29] , is given by an Asakura-Oosawa form [30] . The range of the attraction is set to 0.1a and its strength, proportional to the polymer concentration, is −10k B T at contact. For each of the three volume fractions studied, φ = 0.15%, 30% and 45%, we generate 5 independent configurations [20] . At the end of each simulation the sample is gelled, with all particles belonging to a percolating cluster.
We use particle positions from simulations for NMA to determine the distribution of microscopic relaxation rates of the colloidal gel. Evolution of the positions x(t) is dictated by the over-damped momentum balance:ẋ = −M (∇U − F B ), where M is the hydrodynamic mobility, U is the inter-particle potential, and F B is the Brownian force satisfying the fluctuationdissipation theorem [31] . The kinetically arrested gel state is close to mechanical equilibrium and the dynamics are nearly harmonic. Denoting particle fluctuations about local mechanical equilibrium, x eq , as δ = x − x eq , the time evolution of an average fluctuation is to leading order:δ = − (k/(6πηa))MĤδ.M is the mobility in the x eq configuration scaled on the Stokes drag 6πηa andĤ is the Hessian of U in the x eq configuration scaled on the characteristic bond stiffness, k. This shadow system [32] , represents the gel as a network of harmonic springs connecting particles in the configuration, x eq . The perturbation may be decomposed into normal modes:
−λit , for which:
The NMA relates normalized displacements v i and velocities λ i v i set by the microscopic relaxation rate λ i of mode i. λ i is normalized by 6πηa/k andR =M −1 is the hydrodynamic resistance. The set v i for i = 1, ..., 3N is made orthogonal by taking a product with the Cholesky factorization ofR.
The resistance tensor is computed using the Accelerated Stokesian Dynamics (ASD) method [33, 34] for any particle configuration. In this framework,R is a superposition of a far-field contribution due to long-ranged HI and a near-field component accounting for pair-wise lubrication forces:R =R F F +R N F . However, resistance problems are ill-conditioned and solutions are computationally expensive to evaluate accurately [35] . Lubrication is dominated by squeezing flows generated by motion along the axis of pairwise particle separations. For nearly touching particles,R N F is approximately congruent to the Hessian of the potential; therefore, we make the following simplifying assumption:R N F ≈ αĤ, such thatR =R F F + αĤ. The parameter α can be approximated as the relaxation time for a spring connecting nearly touching particles, which when made dimensionless on 6πηa/k is simply: a/ξ, where ξ = r eq − 2a is the equilibrium separation between neighboring particle surfaces. If this hypothesis holds, solutions to the renormalized eigenvalue problem: λ F FRF F v i =Ĥv i , have the same eigenvectors as (1) and eigenvalues that are related by:
Consequently, the effect of hydrodynamic lubrication is to reduce the relaxation rates of normal modes, λ i , but not to change the spatial structure of the modes, v i . The characteristic timescale α relates the relaxation spectrum of models neglecting hydrodynamic lubrication to those including it! 15% 30% 45% For 500 particles, we computeR from a full ASD simulation andR F F using the inverse of the Rotne-PragerYamakawa (RPY) mobility, which treats the particles as renormalized Stokeslets, and is the leading order far-field contribution to the hydrodynamic interactions among suspended particles [36] . We obtain α by calculating the value that minimizes:
for each mode determined via the RPY model {λ F F , v F F }, and plot the result as a function of λ F F in figure 1 . On this figure, we also depict f (α)/||Ĥv F F || 2 , a normalized error in approximation of the modes of the ASD simulation by {λ F F /(1 + αλ F F ), v F F }. The computed value of α is nearly constant for all the modes at a given volume fraction. As φ increases, so does α. This may be interpreted as the effective equilibrium separation between particles, ξ, decreasing slightly at higher volume fractions. Direct computation of the average surface to surface separation yields values consistent with α at each volume fraction. These results suggest that for virtually all the modes computed directly via the RPY model, the approximationR N F = αĤ holds. Slowly relaxing modes involve collective motion of the particle network and are unaffected by localized squeezing flows. Larger normalized errors are found for modes with λ F F > 1. As we will show, these fast modes involve localized rather than collective motion. As a consequence, similarity of eigenvectors in this part of the relaxation spectrum breaks down. In the supplementary material, we examine the effect of system size and show that the proportion of fast modes and the error in f (α) over the spectrum shrinks with increasing N . Thus, the proposed renormalization may become exact in the limit N → ∞. We now examine how long-ranged HI affect relaxation in colloidal networks. We compare the normal modes obtained from the freely draining approximation (FD), whereM = I with that obtained from the RPY tensor with N = 10 4 in order to fully describe the distribution of slow modes responsible for macroscopic viscoelasticity via the density of states. Images and structure factors of the gels are in the supplementary material. In figure 2 we plot the DOS obtained for each volume fraction with the FD and RPY models. The DOS as a function of relaxation rate, P (λ), highlights the significant effect of long-ranged HI on the normal mode response in weak colloidal gels. For the FD model, we find an overabundance of slow modes. The DOS scales as P (λ) ∼ λ −β , where β ≈ −1/2 for φ = 15%. In contrast, for the RPY spectrum, the occurrence of slow and fast relaxation modes is equally probable, and β = 0 for all φ. With increasing φ, differences between the two hydrodynamic models diminish and β approaches zero as the fraction of slow modes decreases for the FD model. This is analogous to differences observed in polymer physics. A dilute solution of ideal polymer chains obeying the Zimm model, has P (λ) ∼ λ −1/3 . In contrast, when HI are neglected as in the Rouse model, P (λ) ∼ λ −1/2 [31] . HI favor a flatter distribution of relaxation rates as collective motion accelerates stress relaxation in soft materials. In the supplementary material we compare the DOS for the same gels using a hydrodynamic model that accounts for higher order multipoles of the force density on the particle surfaces. From this, we conclude that the DOS is largely unaffected by higher order hydrodynamic couples.
To characterize the structure of the modes we compute the collectivity index [3] ,
where µ is the normalization constant:
and v (j) i is the part of mode i corresponding to particle j. The collectivity index measures the degree to which particles participate in each mode. A mode that excites a larger number of particles in the gel, has the higher collectivity index. With increasing volume fraction the degree of collectivity increases due to increased rigidity. In figure 3 , we plot the likelihood of observing a mode with collectivity index κ i for all gels and both hydrodynamic models under study.
We find that the normal modes are more likely to have higher participation in RPY model. Long-ranged HI lead to coupling and excitation of a larger fraction of the particles. As the volume fraction increases, differences between the two hydrodynamic models diminish. For φ = 0.45, particle crowding results in hydrodynamic screening, and P (κ i ) is similar for both FD and RPY. The small κ i tail of the distributions corresponds to fast modes, λ > 1, for which relaxation is much faster than 6πηa/k, and the normal modes are localized to only a few particles. We also compute the correlation length of each normal mode through a quantity used in the analysis of energy densities in turbulent flow [37] :
with x (j,k) eq the position of particle j or k in the x eq configuration. S vi (q) is analogous to the Karhunen-Loève decomposition, and quantifies the energy dissipated in eigenmode v i over wavelength q. The local maximum in S vi (q) , denoted q i , determines the characteristic length scale l i = 2π/q i of energy dissipation in the gel structure with relaxation rate λ i . Figure 4 plots λ i versus q i for all the gels, models and modes under study. We observe a power-law trend λ ∼ q γ ∼ l −γ that depends on the hydrodynamic model. For the RPY model, scaling of relaxation rate with spatial correlation length is independent of φ and γ ≈ 2. The FD modes exhibit significant dependence on volume fraction. For φ = 0.15, we find λ ∼ l −3 , while at higher volume fractions, γ decreases and approaches the behavior exhibited by the RPY model.
The dispersion relation can be understood as the ratio of elasticity to viscous dissipation. The elastic response of a domain of size l is characterized by a spring constant k(l) ∼ l −z , where z is the elasticity exponent. With increasing size l, a smaller fraction of bonds connect the domain, which leads to softening and a decreasing k(l). z is sensitive to the nature of the bonds and the resulting stiffness of the gel backbone [38] . In our study we consider only central forces between the particles which leads to no bending rigidity and an exponent z < 3 that will depend solely on the backbone structure at given φ [39] . The viscous dissipation however will depend on the hydrodynamic model chosen. We therefore expect the normal mode relaxation rate to decay differently with increasing correlation length. For the FD model, the drag on a domain of size l scales as
, the relaxation rate is given by the ratio of spring constant to drag coefficient [15] . For the RPY model, the drag is linear in l such that
scaling of the RPY spectrum we find that the elasticity exponent of the weak gels under study is z ≈ 1. Employing the box counting method we determine that the fractal dimension of the gels at low φ is d f = 2.1, which when added to the same value of z, yields the observed scaling exponent for the FD dispersion relation. As the volume fraction increases, hydrodynamic screening makes the effective drag coefficients for the two models similar and yields comparable dispersion relations. The fraction of particles with 6 neighbors or higher increases to more than 92% for φ = 0.45, and z → 0 as the number of free chains leading to softening over larger length scales vanishes in the now rigid structure. Consequently λ ∼ l −2 for both models. We have detailed the influence of HI on the relaxation dynamics of a colloidal gel in the linear response limit via normal mode analysis. These results are compared with data from dynamic simulations of step strain responses among particles interacting via a short-ranged attraction [40] . The Laplace transform of P (λ) is the time dependent relaxation modules of the gel: G(t) − G e ∼ ∞ 0 P (λ) exp(−tλ)dλ, where G e denotes the infinite time value of the modulus [12] . In figure 5 we plot the cal- culated time-dependent shear modulus G(t), normalized by φ 2 as measured in dynamic simulations using both the FD and RPY models. At short times, the stress decay reflects the fast relaxation modes due to hard core repulsion of the particles [20, 41] . For longer lag times hydrodynamic interactions influence stress relaxation. The FD model gives G(t) with a power-law scaling, t −1/2 , for φ = 0.15. The RPY model exhibits significantly faster relaxation, as t −1 . G(t) exhibits the same asymptotic scaling predicted by the DOS for both hydrodynamic models. As the volume fraction increases, the powerlaws come more into alignment, but differences between the hydrodynamic models persist as in the DOS.
We have computed the normal modes of weak colloidal gels with different approximations for the hydrodynamic interactions between the constituent particles. Our results show that the dynamics of a gel are a sensitive function of the hydrodynamic model. Long-ranged hydrodynamic interactions enhance the rate of stress relaxation in a strained gel and play a crucial role in determining the macroscopic properties of weak colloidal gels. With increasing volume fraction, hydrodynamic screening occurs, the majority of particles are multiply bonded, and the gel dynamics are less sensitive to the hydrodynamic model. We have confirmed the normal mode predictions by performing stress relaxation simulations of the same gels. A computational model neglecting hydrodynamic interactions will yield erroneous estimates of G(t) and other related viscoelastic and mechanical properties. Future work will incorporate non-central forces between bonded particles, which could affect the modes of relaxation and dynamics of strong gels. The time-dependent shear modulus as a function of lag time after an instantaneous strain increase of γ0 = 1% as measured for the three different volume fractions for both hydrodynamic models. Measurments were averaged over 500 realizations for each data set to reduce thermal noise. We estimate the single particle relaxation λ0 based on the depletion well depth U = −10kBT and range of 0.1a.
